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a b s t r a c t
A new class of bivariate bases for the triangular surface construction, based on quadratic
and cubic bivariate Bernstein polynomials, is proposed, by extending a model for the
univariate basis with linear complexity. This new basis is recursively expressed by its
recurrence formulae which are provided, and its important geometric properties are also
described. In addition, a recursive algorithm for calculating a point on this triangular
surface is recursively defined in the same manner as in the well known de Casteljau
algorithm. The main advantage of this model is its recursive algorithm that is proven to
construct a triangular surface of degree n in quadratic computational complexity, O(n2).
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
The design of curve and surface representations is a problem that researchers in the fields of CAD/CAM and CAGD
have been trying to solve continuously for the past 50 years. Besides the Bézier/Bernstein model, modern univariate and
bivariate polynomial bases for curves and surfaces have been proposed for the past two decades [1–8]. In particular, new
bivariate bases rarely appear in the literature [5,7]. Moreover, as regards the constructions of these existing triangular
surfaces, all of them require at least cubic computational complexity or O(n3). Inspired by a new univariate basis for curve
modeling in the author’s work [8], in this paper we formulate a new bivariate basis for the faster construction of triangular
surfaces. The reason that we chose this univariate polynomial basis is that it possesses an efficient recursive algorithmwith
(linear complexity). It would be better if it was extended into a new representation of bivariate (triangular) surfaces with
quadratic computational complexity. In addition, it has constant computational complexity for the calculations of multi-
degree elevation and the first derivative, which is promising if it is to be extended to bivariate polynomial surfaces.
In this paper, we introduce a new model of triangular surfaces using the bivariate basis functions (in Section 3) by
extending from a new univariate basis in Section 2. Consequently, a recursive algorithm for computing a point on this
triangular surface is provided.
2. The univariate polynomial basis
A curve of degree nwith n+ 1 control points, denoted by {pi}ni=0, can be explicitly formulated as
Cn(t) =
n−
i=0
Dni (t) · pi, for 0 ≤ t ≤ 1, (1)
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where the basis functions, {Dni (t)}ni=0, can be recursively defined by
Dni (t) =

(3t)i · (1− t)i+3, for 0 ≤ i <
n
2

− 1
(3t)i · (1− t)n−i, if i =
n
2

− 1
2 · 3i−1(1− t)i · t i, if i is even and i = n
2
Dnn−i(1− t), for
n
2

+ 1 ≤ i ≤ n.
This univariate basis satisfies the following important properties:
1. Partition of unity:
∑n
i=0D
n
i (t) = 1, for 0 ≤ t ≤ 1.
2. The convex hull property: Since 0 ≤ t ≤ 1,Dni (t) ≥ 0.
3. Symmetry:Dnn−i(t) = Dni (1− t).
4. Linear independence: Since the determinant of monomial matrix is not equal to 0, {Dni (t)}ni=0 forms a basis.
5. Linear computational complexity: The curve construction requires only linear computational complexity.
The reason that this curve is called a type of Bézier-based curve is because this univariate basis shares the same univariate
Bernstein functions for degrees 1, 2 and 3.
3. A new bivariate basis for triangular surface modeling
It is intended to derive a new bivariate basis for triangular surface construction that possesses the shape-preserving
property like Bézier triangular patches but can be computed significantly faster in terms of complexity. The notions for
the construction of this proposed bivariate polynomial basis originate from the idea of the interpolation scheme for curve
representation in Section 2. Thus, the technique for triangle interpolations will be adapted like in the work by Hu [5], except
that the number of interpolations is reduced when degree n is higher.
A triangular surface of degree n with 12 · n · (n + 1) control points, denoted by {pi,j,k}ni=0,j=0,k=0, can be explicitly
expressed by
Sn(u, v, w) =
n,i+j+k=n−
i=0,j=0,k=0
Dni,j,k(u) · pi,j,k, for 0 ≤ u, v, w ≤ 1, (2)
where the barycentric coordinates, u = (u, v, w),w = 1− u− v, and i+ j+ k = n, and the recurrence formulae for these
bivariate polynomials, denoted byDni,j,k(u), can be shown as
Dni,j,k(u) =

0, i < 0 or j < 0 or k < 0
u, i = 1 and j = 0 and k = 0
v, i = 0 and j = 1 and k = 0
w, i = 0 and j = 0 and k = 1
uDn−1i−1,j,k(u)+ vDn−1i,j−1,k(u), i ≤
n
2

≥ j and k = 0
vDn−1i,j−1,k(u)+ wDn−1i,j,k−1(u), j ≤
n
2

≥ k and i = 0
uDn−1i−1,j,k(u)+ wDn−1i,j,k−1(u), k ≤
n
2

≥ i and j = 0
uDn−1i−1,j,k(u)+ vDn−1i,j−1,k(u)+ wDn−1i,j,k−1(u), 0 < k ≤

n+ 2
3

and i = j
uDn−1i−1,j,k(u)+ vDn−1i,j−1,k(u)+ wDn−1i,j,k−1(u), 0 < j ≤

n+ 2
3

and i = k
uDn−1i−1,j,k(u)+ vDn−1i,j−1,k(u)+ wDn−1i,j,k−1(u), 0 < i ≤

n+ 2
3

and j = k
uDn−1i−1,j,k(u)+ vDn−1i,j−1,k(u)+ wDn−1i,j,k−1(u), 0 < k ≤

n+ 2
3

and |i− j| ≤ 1
uDn−1i−1,j,k(u)+ vDn−1i,j−1,k(u)+ wDn−1i,j,k−1(u), 0 < j ≤

n+ 2
3

and |i− k| ≤ 1
uDn−1i−1,j,k(u)+ vDn−1i,j−1,k(u)+ wDn−1i,j,k−1(u), 0 < i ≤

n+ 2
3

and |j− k| ≤ 1
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Dni,j,k(u) =

uDn−1i−1,j,k(u)+ wDn−1i,j,k−1(u), i = j+ 2 and i > j > k > 0
vDn−1i,j−1,k(u)+ wDn−1i,j,k−1(u), i = j− 2 and j > i > k > 0
uDn−1i−1,j,k(u)+ vDn−1i,j−1,k(u), j = k+ 2 and j > k > i > 0
uDn−1i−1,j,k(u)+ wDn−1i,j,k−1(u), j = k− 2 and k > j > i > 0
vDn−1i,j−1,k(u)+ wDn−1i,j,k−1(u), k = i+ 2 and k > i > j > 0
uDn−1i−1,j,k(u)+ vDn−1i,j−1,k(u), k = i− 2 and i > k > j > 0
uDn−1i−1,j,k(u), 2 ≤ i− j ≤ 3 and i ≥ k ≤ j
uDn−1i−1,j,k(u), 2 ≤ j− i ≤ 3 and i ≥ j ≤ k
vDn−1i,j−1,k(u), 2 ≤ j− i ≤ 3 and i ≥ k ≤ j
vDn−1i,j−1,k(u), 2 ≤ j− k ≤ 3 and k ≥ i ≤ j
wDn−1i,j,k−1(u), 2 ≤ k− j ≤ 3 and k ≥ i ≤ j
wDn−1i,j,k−1(u), 2 ≤ k− i ≤ 3 and i ≥ j ≤ k
Dn−1i−1,j,k(u), i ≥

n+ 8
3

and k⟨i⟩j
Dn−1i,j−1,k(u), j ≥

n+ 8
3

and k⟨j⟩i
Dn−1i,j,k−1(u), k ≥

n+ 8
3

and i⟨k⟩j.
This bivariate polynomial basis satisfies the following important properties:
1. Partition of unity:
∑n
i=0,j=0,k=0D
n
i,j,k(u) = 1, where 0 ≤ u, v, w ≤ 1.
2. Convexity: Since 0 ≤ u, v, w ≤ 1,Dni,j,k(u) ≥ 0.
3. Linear independence:Dni,j,k(u) forms a bivariate polynomial basis.
Similarly, this surface on the triangle domain is also called a class of Bézier-based triangular surfaces because this bivariate
polynomial model shares the same bivariate Bernstein functions for degrees 1, 2 and 3.
4. The recursive algorithm
There is only one method for drawing this triangular surface by using its recurrence formulae. However, it is difficult to
calculate and there is still no direct formula for generating a set of polynomials. Thus, a recursive algorithm is an alternative
method that can be readily used to derive this triangular surface construction. In this section, a recursive algorithm for this
proposed surface is elegantly presented in a form similar to that of the well known de Casteljau algorithm.
A point on an nth-degree triangular patch, Sn(u, v, w), can be recursively defined as follows:
pri,j,k =

pr−1i+1,j,k, for i ≥

n− r
3

and i− j > 2 and i− k > 2
pr−1i,j+1,k, for j ≥

n− r
3

and j− i > 2 and j− k > 2
pr−1i,j,k+1, for k ≥

n− r
3

and k− i > 2 and k− j > 2
u · pr−1i+1,j,k + v · pr−1i,j+1,k + w · pr−1i,j,k+1, otherwise,
(3)
where p0i,j,k = pi,j,k, r = 1, . . . , n and i, j, k = 0, . . . , n− r . Hence, a point on this surface can be computed from pn0,0,0 since
Sn(u, v, w) = pn0,0,0.
4.1. Computational complexity
Since the construction of a triangular surface can be done by several methods, a recursive algorithm implemented by
employing an iterative subdivision procedure is always proven to be a faster technique because no overhead function call is
required. To calculate a point on an nth-degree triangular surface with 12 (n+ 1)(n+ 2) control points using the algorithm in
Eq. (3), it requires 124 (9− 9(−1)n/3− 16n+ 30n2) interpolations when nmodulo 3 = 0, 124 (1− 9(−1)(n+2)/3− 16n+ 30n2)
interpolations when n modulo 3 = 1 and 124 (17 + 9(−1)(n+1)/3 − 16n + 30n2) interpolations when n modulo 3 = 2.
It is remarked that there are two additions and three multiplications for each interpolation. This algorithm requires
approximately 54n
2 − 23n interpolations. Thus, it requires only quadratic computational time or O(n2).
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Fig. 1. Comparisons among existing models of triangular patches.
5. Conclusion
The main contribution of this paper is to derive a new bivariate polynomial basis for faster construction of triangular
surfaces. This new model provides a recursive algorithm for evaluating a point on the surface with only quadratic
computational complexity, or O(n2), which is the best among the existing methods. This is more efficient, in practice, than
any existing triangular surface algorithm such as those of de Casteljau [1], Goodman and Said [2], Hu et al. [5], and Chen [7],
all of which are of cubic computational complexity. Fig. 1 shows the comparisons among the total numbers of three-vertex
interpolations among existing triangular patch models. In future work, this new bivariate basis could be applied for the
derivations of an efficient Bézier triangular surface construction and a faster multi-degree elevation algorithm.
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